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Non-Universal Effects in Semi-Inclusive Decays 
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We show that most spectra in the semileptonic decay B —* X u + I + vi , such as for example the distribution 
in the light-cone momentum p+ = Ex — \px | recently considered, do not have the same long-distance structure 
of the photon spectrum in the radiative decay B — » X s + 7. On the contrary, the semileptonic distribution 
in the final hadron energy Ex is connected to the radiative spectrum via short-distance factors only. The Ex 
distribution also has a specific infrared structure known as the "Sudakov shoulder". We also discuss an explicit 
check of the resummation formula for the semileptonic decays, based on a recent second-order computation. 



1. Introduction 

The main message of this talk is that, unlike 
what usually stated, most spectra in charmless 
semileptonic B decays 



B 



X u + I + v h 



(I) 



such as the distribution in the light-cone momen- 
tum p + = Ex — \px I recently considered pQ , do 
not have the same long-distance structure of the 
photon spectrum in the radiative decays 



B 



X s + 7. 



We are therefore in disagreement with the con- 
clusions in [1 , in which such a short-distance re- 
lation is instead claimed. The reason of the non- 
universality is a kinematical one: while in radia- 
tive decays (J2J the hard scale Q of the hadronic 
sub-process is fixed to the beauty mass nib, in 
the semileptonic case one integrates instead over 
Q up to mi,. That modifies the structure of the 
infrared logarithms in the semileptonic spectra at 
the subleading level. 

We also show that the distribution of the 
hadron energy Ex in the semileptonic decay is 
connected to the rare-decay photon spectrum via 
short-distance factors only. This semileptonic dis- 
tribution also has a specific infrared structure 
known as the "Sudakov shoulder" [2I3I4J . 
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Finally, we discuss an explicit check of the 
resummation formula for the semileptonic de- 
cays, based on a recent second-order computa- 
tion, which is also a check of the basic relation 
between the hard scale Q and the total hadron 
energy E x : 



Q = 2E X . 



(3) 



The first preliminary question is whether 
beauty decays can be described with perturba- 
tion theory or they do not. Technically, the per- 
turbative expansion is controlled by the QCD 
coupling a (mi,) — 0.22 <C 1, and is therefore 
a legitimate one. The real problem is however: 
is there a quantity which shows a good agree- 
ment with its perturbative prediction? It is nat- 
ural to consider first inclusive quantities, which 
constitute "stronger" predictions of perturbative 
QCD (pQCD), because they are less sensitive to 
the non-perturbative hadron structure. In other 
words, if perturbation theory does not work for 
inclusive quantities, there is little hope that it 
will work for the spectra, even after adding some 
non-perturbative component — the shape func- 
tion Inclusive widths cannot be predicted 
with good accuracy because they are proportional 
to the fifth power of the ill-defined beauty mass 
and to CKM combinations in principle unknown: 
T oc ml\CKM\ 2 . It is therefore convenient to 
look at ratios of widths, such as the semileptonic 
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branching fraction: B$l = ^sl/^tot- A recent 
second-order computation of the hadronic width 
shows a good agreement with the experimental 
value B exp ~ 11% 0. 

Being the answer to the first question pos- 
itive, the next question concerns the expected 
size of non-perturbative effects in the spectra. 
On dimensional grounds, one expects power- 
corrections cx A/mf, s» 0(10%), where A is a typ- 
ical hadronic scale, which can be identified with 
Ajjg ~ 200 MeV, or with the mass of a con- 
stituent quark m ~ 350 MeV, or with the mass 
of the p meson m p ~ 770 MeV. We believe that 
a scale A « 0.5 GeV is a reasonable choice. Clear 
peaks are visible in the hadron mass distributions 
in the radiative decay and in the semileptonic one, 
associated to the K* and p final states respec- 
tively. Since these peaks cannot intrinsically be 
described in pQCD, one can take, as an estimate 
of the size of non-perturbative effects, for exam- 
ple the B — > K*-f branching fraction, which is 
~ 15% of the total b — > S7 rate. 

Naive physical intuition would suggest that 
hadronic final states X s coming from the decay 
(J2J cannot be described in pQCD when the in- 
variant mass becomes of the order of the hadronic 
scale, i.e. when mx ~ A, because of final- 
state hadronization effects. This condition, as we 
are going to show, is actually not correct: non- 
perturbative effects enter for hadronic masses by 
far larger than the hadronic scale. To see that ex- 
plicitly, just consider the emission of a soft gluon 
by the strange quark in J2J). The invariant mass 
is: m x = (p s + k) 2 ~ mf,fc-|_, where k + = ko + k% 
and we have taken the strange quark flying in the 
minus direction, so that p s ~ l/2mj,(l;0, 0, — 1). 
The above equation shows an amplification of the 
soft effects in the jet mass, because a soft momen- 
tum component is multiplied by the hard scale. 
A soft gluon with momentum of the order of the 
hadronic scale, k + w A, is certainly controlled by 
non-perturbative effects such as the structure of 
the B meson: that implies the slice mx ~ V m b A 
is non-perturbative. This is a quite distinct effect 
with respect to final-state hadronization, which is 
expected to be substantial in the resonance region 
only. The above equation for the mx slice shows 
for example that in the top decay t — > Xf, + W a 



final jet with a mass of ~ 10 GeV cannot be de- 
scribed with "pure" pQCD! 2 In general, we may 
identify the following kinematical regions: 

1. mx ~ Q, i.e. the mass of the jet is of the 
order of the hard scale. The rate can be 
computed in fixed-order perturbation the- 
ory because there are no large infrared log- 
arithms; 

2. \fQ~K <C mx <C Q- The process is still 
perturbative but there are large infrared 
logarithms of the form 

a"log fc ^ (k = l,2,--.,2n), (4) 

m x 

which need to be resummed to all orders 
n in order to have a consistent theoretical 
prediction; 

3. A < m x < O (vA Q) . As discussed 
above, Fermi- motion effects, related to soft 
interactions, are substantial and have to be 
taken into account by introducing a non- 
perturbative function, the shape function; 

4. A mx- This is the exclusive or reso- 
nance region, where the rate is dominated 
by few channels and it is completely non- 
perturbative; to compute, one has to use 
for example lattice QCD. 

One may ask: in which sense the decay be- 
comes progressively more perturbative in the 
limit nib ~> °°? The main peaks of the jet mass 
distributions, for example, occur in region[3] and 
are therefore non perturbative even in the infinite 
mass limit. The answer to this question is that 
regional becomes progressively larger in the in- 
finite mass limit and better separated from the 
Fermi motion region [3] 

2. Non-universality 

The radiative decays (J2J) have a simpler long- 
distance structure than the semileptonic decays 

2 For illustrative purposes, let us neglect the beauty mass 
and assume that the top width is smaller than the life-time 
of a hadronic resonance. 
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||TJ. That is because, in the radiative case, the 
tree-level process is the 2-body decay 

b -> s + 7 (5) 

having the large final hadron energy 2 Ex — mb, 
where in the last member we have neglected the 
small strange mass m s <C m b . As anticipated, the 
total hadron energy Ex fixes the hard scale Q in 
the decay according to eq. Q, so that Q = m b . 
We are interested in the threshold region 

m x < E x < m b , (6) 

which can be considered a kind of "perturbation" 
of the tree-level process due to soft-gluon effects. 
The final hadron mass mx , which vanishes in low- 
est order, remains indeed small in higher orders 
because of the condition © , while the large tree- 
level hadron energy is only mildly increased by 
soft emissions. 

In semileptonic decays, the tree-level process is 
instead the 3-body decay 

b -c u + I + v (7) 

and the hadron energy Ex (i.e. the energy of 
the up quark) can become substantially smaller 
than half of the beauty mass m b /2. In other 
words, kinematical configurations are possible 
with Ex ~ m b /2 as well as with Ex <C m b . 3 
Consider for example the kinematical configu- 
ration, in the b rest frame, with the electron 
and the neutrino parallel to each other, having 
a large hadron energy, or the configuration with 
the leptons back to back, each one with an energy 
~ m b /2, having instead a small hadron energy. 
This fact is the basic additional complication in 
going from the radiative decays to the semilep- 
tonic ones: the hard scale is no more fixed by the 
heavy flavor mass but it depends on the kinemat- 
ics according to eq. Q. 

Before going on, let us give the general defini- 
tion of a short-distance quantity in pQCD as far 
as threshold effects are concerned. We consider 
a process characterized by a hard scale Q ^> A, 
and by the infrared scales m x /Q 2 , m 2 x <C Q 2 

3 It is clear that the condition Ex S> A must always be 
verified in order to deal with a hard process and to be 
justified in the use of perturbation theory. 



- the soft scale and the collinear scale respec- 
tively. If infrared effects are absent in the quan- 
tity under consideration, logarithmic terms of the 
form must not appear in its perturbative ex- 
pansion. The presence of such terms would in- 
deed signal significant contributions from small 
momentum scales. That is because these terms 
originate from the integration of the infrared- 
enhanced pieces of the QCD matrix elements from 
the hard scale down to one of the infrared scales: 

f Q2 dk 2 f Q2 dk 2 , Q 2 . . 

Jm* x /Qi k± J m 2 x k± m 2 x 

If perturbation theory shows a significant contri- 
bution from small momentum scales to some cross 
section or decay width, we believe there is no rea- 
son to think that the same should not occur in a 
non-perturbative computation. 

On the contrary, a quantity such as a spectrum 
or a ratio of spectra is long-distance dominated if 
it contains infrared logarithmic terms in the per- 
turbative expansion of the form These terms 
must be resummed to all orders of perturbation 
theory in the threshold region 10. Our criterion 
to establish whether a quantity is short-distance 
or it is not is rather "narrow" : we believe it is 
a fundamental one and we use it systematically, 
i.e. we derive all its consequences. The conse- 
quences, as we are going to show, are in some 
cases not trivial. 

Factorization and resummation of threshold 
logarithms in the radiative decays (J2J leads to an 
expression for the event fraction of the form: 

— / -Tj-dt's = C r [a(m b )} Y,[t s ;a(m b )} 
1 r Jo dt s 

+ D r [t s ;a(m b )\, (9) 

where r r is the inclusive radiative width and 
t s = m 2 x Jm 2 (x 1 = 2E 1 /m b = 1 - t s ). We 
have defined the following quantities, all having 
an expansion in powers of a: 

• C r (a), a short- distance, process-dependent 
coefficient function, independent on the 
hadron variable t s . The explicit expression 
of the first-order correction has been 
given in |3I7| : 
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• E(tt; a), the universal QCD form factor for 
heavy flavor decays, having a double expan- 
sion of the form: 

oo 2n 1 

E[u; a] = 1 + V V S„ fc a" log fc - 
* — ' ' — ' u 

n=l fe=l 

laC F 2 1 7aC F 1 
= 1-- log - + - log- + 

2 7T U 4 7T It 



and 



K— ) tog4i 

8 V 7T / U 



(10) 



where Cp = 4/3. In higher orders, as it 
is well known, E contains at most two loga- 
rithms for each power of a, coming from the 
overlap of the soft region and the collincar 
one in each emission and it has an exponen- 
tial structure; 4 

• D r (t s ;a), a short-distance, process- 
dependent remainder function, not con- 
taining infrared logarithms and vanishing 
for t s — ► as well as for a — > 0. 

Factorization and resummation of threshold log- 
arithms in the semilcptonic case is conveniently 
made starting with distributions not integrated 
over Ex, i.e. not integrated over the hard scale 
Q. The most general distribution in process l|Tjl. a 
triple distribution, has been originally resummed 
in (see also |4I9I10| and [TT]): 



-du' = C [x, w; afwrrib)] x 



i r d 3 r 

r J dxdwdu' 
x E [u; a(wmb)] + D [x, u, w; a(w nib)] , (H) 

where we have defined the following kinematical 
variables: 



x 



2Ei 



nib 



■w 



nib 



(0<w<2) 



(12) 



4 This form factor can be expressed in terms of the shape 
function / via a universal coefficient function C (not to be 
confused with CV): c{Q)] = C(u; Q, ftp) * f(u; fMp), 

where the star denotes a convolution and /if < Q is a 
factorization scale. The coefficient function C described 
hard collinear emissions and soft emissions with energies 
between the factorization scale fip and the hard scale Q. 
If we take for example fip = Q, the first integral and the 
second one on the l.h.s. of eq. J^J are related to the shape 
function and to its coefficient function respectively 8 . 



^l-(2m x /Qf ^ /rnx- 

2 ~ V Q 



1 + dl-{2mxlQY 



(13) 



In the last member we have kept the leading term 
in the threshold region nix *C Q only and T is the 
total semileptonic width. Eq. i|ll|) is a "kinemat- 
ical" generalization of eq. © together with the 
quantities involved: 

• C [x, w; a], a coefficient function, dependent 
on the hadron energy and lepton one but 
independent on the hadron variable u; 

• E[it; a(wnib)], the universal QCD form fac- 
tor for heavy flavor decays, which now is 
evaluated for a coupling with a general ar- 
gument Q = wnib < nib; 

• D [x, u, w; a] , a remainder function, de- 
pending on all the kinematical variables, 
not containing infrared logarithms and van- 
ishing for a — > and u — > 0. 

Many semileptonic spectra, such as the p+ spec- 
trum, are obtained integrating the resummed 
triple differential distribution (|llf> over the 
hadron energy, i.e. over the hard scale of the 
hadronic subprocess. The infrared logarithms en- 
tering the distribution in p + = p + /nib can be re- 
summed by means of an effective form factor of 
the form ^H] 



Ep \p+; a(nib)] oc / dwCn [w; a(wnib)] x 

x Y*\p + /w, a(w nib)] , (14) 

where we have omitted a constant factor and 
Ch{w]o) — 2w 2 (Z — 2w) + 0(a) is a coefficient 
function. There is an integration over w € [0, 1], 
which enters the first argument of the univer- 
sal form factor E as well as the argument of the 
QCD coupling. Hadronic subprocesses with dif- 
ferent hard scales Q = w nib therefore contribute. 
By measuring the photon spectrum in the radia- 
tive decay (J2J, one can only extract S[u;Q(mj)], 
while for the p+ spectrum it is necessary to know 
E[it; a(wmb)] with < w < 1. We conclude 
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therefore that it is not possible to derive the long- 
distance structure of the p + spectrum from the 
radiative decay Furthermore, according to 

the criterion discussed before, the ratio between 
the p+ spectrum and the radiative mass distri- 
bution evaluated for t s = p+ is not a short- 
distance quantity: infrared logarithms only can- 
cel in leading logarithmic approximation. The re- 
lation between the p+ spectrum and the radiative 
one therefore is not a true short-distance relation. 
These non-universality effects are of higher order 
in the log counting but not in the twist. Our con- 
clusions are therefore in disagreement with those 
ones derived in yQ. Similar considerations can 
be repeated for the charged lepton spectrum and 
for the semileptonic distributions in the hadronic 
mass normalized to the hadronic energy or to the 
beauty mass [§]■ 

3. Hadron energy spectrum 

The hadron energy spectrum contains in first 
order logarithmic terms for w > 1 of the form 

rrerrei 



(15) 



a\og 2 (w— 1) and alog(w— 1), 



which formally diverge for w — * 1 + , inside the 
physical domain. These terms originate from the 
fact that at tree level the hadron energy is re- 
stricted to half the beauty mass: 



7?(°) - p < mb 
— < — , 



(16) 



while it that go up to the whole beauty mass in 
higher orders: 



Ex < mb- 



(17) 



Slightly above mb/2 there are soft-gluon effects 
related to real emissions which cannot be can- 
celled by the virtual corrections, subject to the 
limitation (|16[) : that is the physical origin of the 
large logarithms in l|15|) . 

For w < 1 there are no large logarithms and there- 
fore the usual fixed-order expansion holds: 



If = i(o)( a) ) +at (i)( ul ) + 
T aw 



For w > 1 the large logarithms can be resummed 
by means of an expression of the form 0]: 



1 dT 

r dw 



CVi(oO{l - Cw2{a)^ [w - 1; a(m b )] 
+ %(to;fl)J. (19) 



The following quantities enter the resummed 
spectrum 
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(18) 



1. Cififa), a first coefficient function deter- 
mined imposing the continuity of the spec- 
tra l|18|) and (|19fl for w — + =Fl respectively; 

2- C^fa), a second coefficient function, de- 
termined imposing the consistency of the 
resummed expression with the fixed-order 
computation; 

3. £ [w — 1; a(m,b)], the universal QCD form 
factor entering the hadron mass distribu- 
tion in the radiative case (J2J, resumming all 
the large logarithmic corrections for w — > 
1 + , such as those in (|15H : 

4. Dw(w;a), a remainder function, starting 
to 0(a), free from infrared logarithms and 
vanishing for w — > 1 + . 

By measuring the hadron energy spectrum 
slightly above nib/ 2 one can determine the uni- 
versal QCD form factor £[u; — 1; a(TO&)]j which 
also enters the radiative spectrum. Unlike previ- 
ous cases, the relation between the semileptonic 
hadron energy spectrum and the radiative spec- 
trum is a true short-distance relation. 

A form analogous to (|19|) is also found in the 
resummation of the C-parameter above the 3- 
jet threshold ^31- The resummation of the dou- 
ble distribution in the hadron energy and in the 
charged lepton one involves a generalization of 
DH> 13- 

4. Check of resummation formula 

The resummed formula on the r.h.s. of eq. lllfl 
has been derived with general effective-theory ar- 
guments, holding to any order in a |3I4| : one 

5 The explicit expressions for the coefficient functions and 
the remainder function can be found in 4 . 
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basically considers the infinite-mass limit for the 
beauty quark, — > oo, while keeping the 
hadronic energy Ex and the hadronic mass mx 
fixed. The main result is that the hard scale Q 
enters: 

1 . the argument of the infrared logarithms fac- 
torized in the QCD form factor £[it; a], 
logl/u = logQ 2 /m x ; 

2. the argument of the running coupling 
a = a(Q), from which the form factor 

a(Q)] depends — as well as the coef- 
ficient function and the remainder function 
do. 

An explicit check of property ^ has been ob- 
tained verifying the consistency between the re- 
summed expression on the r.h.s. of eq. 
expanded up to O(a) and the triple distribu- 
tion computed to the same order in |13| . Since 
the dependence of the coupling on the scale is 
a second-order effect, point [21 cannot be veri- 
fied with the above computation. The possibil- 
ity for instance that the hard scale Q = wrrib 
in (|TT|) is fixed instead by the beauty mass m b , 
i.e. by Q = mj,, cannot be explicitly ruled out 
by comparing with the 0(a) triple distribution, 
because a(wrrib) = a(rrib) + O (a 2 ) . As far as 
we known, the only available second-order com- 
putation is that of the 0(a 2 rif) corrections to 
the distribution in the light-cone momentum p + 
PP. Expanding our resummed expression for the 
p + spectrum up to second order and comparing 
the 0(nf) parts of the logarithmic coefficients, we 
have found complete agreement with the explicit 
computation. If the coupling is evaluated instead 
for example at the beauty mass, we obtain dif- 
ferent values of the coefficients, in disagreement 
with the Feynman diagram evaluation 6 . 

5. Conclusions 

We have shown that there is no universality of 
long-distance effects between the radiative decay 
photon spectrum and many semileptonic decay 

6 A few days after paper 1101 was put on spires, 1111 also 
appeared, whose results on the p+ logarithmic coefficients 
are in agreement with 1101 . 



distributions, such as for example the distribu- 
tion in the light-cone momentum p + . An excep- 
tion is represented by the semileptonic distribu- 
tion in the hadron energy Ex, which has exactly 
the same infrared structure of the radiative spec- 
trum. These conclusions are reached by means of 
an all-order resummation of the threshold loga- 
rithms. 
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